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Abstract 

This paper is on developing stochastic analysis simultaneously under a general fam- 
ily of probability measures that are not dominated by a single probability measure. 
The interest in this question originates from the probabilistic representations of fully 
nonlinear partial differential equations and applications to mathematical finance. The 
existing literature relies either on the capacity theory (Denis and Martini [5]), or on 
the underlying nonlinear partial differential equation (Peng jl3]). In both approaches, 
the resulting theory requires certain smoothness, the so called quasi-sure continuity, of 
the corresponding processes and random variables in terms of the underlying canonical 
process. In this paper, we investigate this question for a larger class of "non-smooth" 
processes, but with a restricted family of non-dominated probability measures. For 
smooth processes, our approach leads to similar results as in previous literature, pro- 
vided the restricted family satisfies an additional density property. 
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1 Introduction 



It is well known that all probabilistic constructions crucially depend on the underlying prob- 
ability measure. In particular, all random variables and stochastic processes are defined up 
to null sets of this measure. If, however, one needs to develop stochastic analysis simultane- 
ously under a family of probability measures, then careful constructions are needed as the 
null sets of different measures do not necessarily coincide. Of course, when this family of 
measures is dominated by a single measure this question trivializes as we can simply work 
with the null sets of the dominating measure. However, we are interested exactly in the 
cases where there is no such dominating measure. An interesting example of this situation 
is provided in the study of financial markets with uncertain volatility. Then, essentially all 
measures are orthogonal to each other. 

Since for each probability measure we have a well developed theory, for simultaneous 
stochastic analysis, we are naturally led to the following problem of aggregation. Given a 
family of random variables or stochastic processes, X^, indexed by probability measures P, 
can one find an aggregator X that satisfies X = X^, P— almost surely for every probability 
measure P? This paper studies exactly this abstract problem. Once aggregation is achieved, 
then essentially all classical results of stochastic analysis generalize as shown in Section [6] 
below. 

This probabilistic question is also closely related to the theory of second order back- 
ward stochastic differential equations (2BSDE) introduced in [3]. These type of stochastic 
equations have several applications in stochastic optimal control, risk measures and in the 
Markovian case, they provide probabilistic representations for fully nonlinear partial differ- 
ential equations. A uniqueness result is also available in the Markovian context as proved 
in [3] using the theory of viscosity solutions. Although the definition given in [3] does 
not require a special structure, the non-Markovian case, however, is better understood only 
recently. Indeed, [T7] further develops the theory and proves a general existence and unique- 
ness result by probabilistic techniques. The aggregation result is a central tool for this result 
and in our accompanying papers \15\ \TE[ 117] . Our new approach to 2BSDE is related to 
the quasi sure analysis introduced by Denis and Martini [5] and the G-stochastic analysis 
of Peng [13] . These papers are motivated by the volatility uncertainty in mathematical fi- 
nance. In such financial models the volatility of the underlying stock process is only known 
to stay between two given bounds < a < a. Hence, in this context one needs to define 
probabilistic objects simultaneously for all probability measures under which the canonical 
process i? is a square integrable martingale with absolutely continuous quadratic variation 
process satisfying 

adt < d{B)t < adt. 

Here d{B)t is the quadratic variation process of the canonical map B. We denote the set 
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of all such measures by Vw^ but without requiring the bounds a and a, see subsection 12.11 
As argued above, stochastic analysis under a family of measures naturally leads us to 
the problem of aggregation. This question, which is also outlined above, is stated precisely 
in Section O Definition 13.11 The main difficulty in aggregation originates from the fact 
that the above family of probability measures are not dominated by one single probability 
measure. Hence the classical stochastic analysis tools can not be applied simultaneously 
under all probability measures in this family. As a specific example, let us consider the 
case of the stochastic integrals. Given an appropriate integrand H, the stochastic integral 
if = Jq HsdBg can be defined classically under each probability measure P. However, these 
processes may depend on the underlying probability measure. On the other hand we are free 
to redefine this integral outside the support of P. So, if for example, we have two probability 
measures P^,P^ that are orthogonal to each other, see e.g. Example 12.11 then the integrals 
are immediately aggregated since the supports are disjoint. However, for uncountably many 
probability measures, conditions on H or probability measures are needed. Indeed, in order 
to aggregate these integrals, we need to construct a stochastic process It defined on all 
of the probability space so that It = if for all t, P— almost surely. Under smoothness 
assumptions on the integrand H this aggregation is possible and a pointwise definition 
is provided by Karandikar |10] for cadlag integrands H. Denis and Martini [5] uses the 
theory of capacities and construct the integral for quasi- continuous integrands, as defined 
in that paper. A different approach based on the underlying partial differential equation was 
introduced by Peng |13j yielding essentially the same results as in [5j. In Section [6] below, 
we also provide a construction without any restrictions on H but in a slightly smaller class 
than Vw- 

For general stochastic processes or random variables, an obvious consistency condition 
(see Definition 13.21 below) is clearly needed for aggregation. But Example 13.31 also shows 
that this condition is in general not sufficient. So to obtain aggregation under this minimal 
condition, we have two alternatives. First is to restrict the family of processes by requiring 
smoothness. Indeed the previous results of Karandikar |10j . Denis-Martini [5], and Peng 
[13] all belong to this case. A precise statement is given in Section [3] below. The second 
approach is to slightly restrict the class of non-dominated measures. The main goal of this 
paper is to specify these restrictions on the probability measures that allows us to prove 
aggregation under only the consistency condition (j3.4p . 

Our main result. Theorem 15. 11 is proved in Section [5l For this main aggregation result, 
we assume that the class of probability measures are constructed from a separable class 
of diffusion processes as defined in subsection 14. 4t Definition 14.81 This class of diffusion 
processes is somehow natural and the conditions are motivated from stochastic optimal 
control. Several simple examples of such sets are also provided. Indeed, the processes 
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obtained by a straightforward concatenation of deterministic piece-wise constant processes 
forms a separable class. For most applications, this set would be sufficient. However, we 
believe that working with general separable class helps our understanding of quasi-sure 
stochastic analysis. 

The construction of a probability measure corresponding to a given diffusion process, 
however, contains interesting technical details. Indeed, given an F-progressively measurable 
process a, we would like to construct a unique measure P°. For such a construction, we start 
with the Wiener measure Pq and assume that a takes values in S^*^ (symmetric, positive 
definite matrices) and also satisfy Jq |as|ds < oo for all t > 0, Po-almost surely. We then 
consider the Pq stochastic integral 



Classically, the quadratic variation density of X" under Pq is equal to q. We then set 
:= Pq o (here the subscript S is for the strong formulation). It is clear that 

B under Pg has the same distribution as under Pq. One can show that the quadratic 
variation density of B under Pg is equal to o satisfying a(X"(a;)) = aiuS) (see Lemma [5TT] 
below for the existence of such a). Hence, Pg G Pyi/. Let V s C Vy^ be the collection 
of all such local martingale measures P^. Barlow [1] has observed that this inclusion is 
strict. Moreover, this procedure changes the density of the quadratic variation process to 
the above defined process a. Therefore to be able to specify the quadratic variation a priori, 
in subsection 14.21 we consider the weak solutions of a stochastic differential equation ( (I4.4p 
below) which is closely related to (jl.ip . This class of measures obtained as weak solutions 
almost provides the necessary structure for aggregation. The only additional structure we 
need is the uniqueness of the map from the diffusion process to the corresponding probability 
measure. Clearly, in general, there is no uniqueness. So we further restrict ourselves into 
the class with uniqueness which we denote by Aw- This set and the probability measures 
generated by them, Vw , are defined in subsection 14.21 

The implications of our aggregation result for quasi-sure stochastic analysis are given 
in Section [6l In particular, for a separable class of probability measures, we first construct 
a quasi sure stochastic integral and then prove all classical results such as Kolmogrov con- 
tinuity criterion, martingale representation, Ito's formula, Doob-Meyer decomposition and 
the Girsanov theorem. All of them are proved as a straightforward application of our main 
aggregation result. 

If in addition the family of probability measures is dense in an appropriate sense, then 
our aggregation approach provides the same result as the quasi-sure analysis. These type 
of results, of course, require continuity of all the maps in an appropriate sense. The details 
of this approach are investigated in our paper [16] , see also Remark 17.51 in the context of 
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the application to the hedging problem under uncertain volatility. Notice that, in contrast 
with [5], our approach provides existence of an optimal hedging strategy, but at the price 
of slightly restricting the family of probability measures. 

The paper is organized as follows. The local martingale measures V\y and a universal 
filtration are studied in Section [21 The question of aggregation is defined in Section [3l In 
the next section, we define Aw, 'Pw and then the separable class of diffusion processes. The 
main aggregation result. Theorem 15. H is proved in Section [5l The next section generalizes 
several classical results of stochastic analysis to the quasi-sure setting. Section [7] studies the 
application to the hedging problem under uncertain volatility. In Section [8] we investigate 
the class Vs of mutually singular measures induced from strong formulation. Finally, several 
examples concerning weak solutions and the proofs of several technical results are provided 
in the Appendix. 

Notations. We close this introduction with a list of notations introduced in the paper. 

• $7 := {w G C(M+,M'^) : Ci;(0) = 0}, B is the canonical process, Pq is the Wiener 
measure on il. 

• For a given stochastic process X, ¥^ is the filtration generated by X. 

• F := = {J-t}t>o is the filtration generated by B. 

• F+ := t > 0}, where := Ft+ := f]s>tJ's, 

• := J-+ V AAP(J-+) and := VAf^iJ^oo), where 

Af^{g) := |s C J7 : there exists E eG such that E CE and P[^] = o| . 

• M-p is the class of 7^— polar sets defined in Definition 12. 2[ 

• := Hpep {-^t V A/p) is the universal filtration defined in (j2.3p . 

• T is the set of all F— stopping times r taking values in M+ U {oo}. 

• is set of all F^— stopping times. 

• (B) is the universally defined quadratic variation of B, defined in subsection 12.11 

• a is the density of the quadratic variation (B), also defined in subsection 12. li 

• Sd is the set of d x d symmetric matrices. 

• S^*^ is the set of positive definite symmetric matrices. 
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• V\Y the set of measures defined in subsection 12. 1[ 

• Vs C V\Y is defined in the Introduction, see also Lemma |8. 11 

• 'Pmsp C Vw are the measures with the martingale representation property, see p.2p . 

• Sets Vw, 'Ps, 'Pmrp are defined in subsection 14.21 and section El as the subsets of V\y, 
'P Si T^mbp with the additional requirement of weak uniqueness. 

• ^ is the set of integrable, progressively measurable processes with values in S^*^. 

• Aw '■= UveVw -^i^(^) A.w{^) is the set of diffusion matrices satisfying ()4.ip . 

• Aw, As, ^MRP are defined as above using Vw, 'Ps, "Pmrp, see section [51 

• Sets O?''' and the stopping time 9°"^ are defined in subsection 14. 3[ 

• Function spaces L°, LP(P), L^, and the integrand spaces if, B.P mf^^{F''), W, 
I^foc are defined in Section [6l 

2 Non-dominated mutually singular probability measures 

Let 17 := C(M+,M'^) be as above and F = be the filtration generated by the canonical 
process B. Then it is well known that this natural filtration F is left-continuous, but is not 
right-continuous. This paper makes use of the right-limiting filtration F^, the P— completed 
filtration F''" := {Tf,t > 0}, and the P-augmented filtration f''' := {T^,t > 0}, which are 
all right continuous. 

2.1 Local martingale measures 

We say a probability measure P is a local martingale measure if the canonical process 
is a local martingale under P. It follows from Karandikar [10] that there exists an 
F— progressively measurable process, denoted as BsdBg, which coincides with the Ito's 
integral, P— almost surely for all local martingale measure P. In particular, this provides a 
pathwise definition of 



Clearly, (B) coincides with the P— quadratic variation of B, P— almost surely for all local 
martingale measure P. 

Let Vw denote the set of all local martingale measures P such that 

P-almost surely, {B)t is absolutely continuous in t and a takes values in S^^, (2.1) 
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where denotes the space of all d x d real valued positive definite matrices. We note 
that, for different Pi, IP2 G Vw^ in general Pi and P2 are mutually singular, as we see in the 
next simple example. Moreover, there is no dominating measure for Vw- 

Example 2.1 Let d = l,¥i := Pq o (V^B)-^, and 0^ := {{B)t = (1 + i)t,t > 0}, i = 0, 1. 
Then, Po,Pi G Vw, Po(^^o) = Pi(J^i) = 1, Po(f^i) = Pi(f^o) = 0, and Qq and are 
disjoint. That is, Pq and Pi are mutually singular. □ 

In many applications, it is important that P G Vw has martingale representation prop- 

P 

erty (MRP, for short), i.e. for any (F , P)-local martingale M, there exists a unique (F-almost 
surely) F -progressively measurable M valued process H such that 

f lal^^Hsl^ds < 00 and Mt = Mq + / HgdE^, t > 0, P-almost surely. 
Jo Jo 

We thus define 

■= {F £Vw ■■ B has MRP under P} . (2.2) 

The inclusion Vmhp C Vw is strict as shown in Example 19.31 below. 

Another interesting subclass is the set Vs defined in the Introduction. Since in this 
paper it is not directly used, we postpone its discussion to Section El 

2.2 A universal filtration 

We now fix an arbitrary subset V C Vw- By a slight abuse of terminology, we define the 
following notions introduced by Denis and Martini [5]. 

Definition 2.2 (i) We say that a property holds V- quasi- surely, abbreviated as V-q.s., if it 
holds F-almost surely for all¥ & V. 

(ii) Denote M-p := f^^^-pN"^ {F^o) O'^d we call V -polar sets the elements of M-p. 

(iii) A probability measure P is called absolutely continuous with respect to V if P(£') = 
for all E G Np. 

In the stochastic analysis theory, it is usually assumed that the filtered probability space 
satisfies the usual hypotheses. However, the key issue in the present paper is to develop 
stochastic analysis tools simultaneously for non-dominated mutually singular measures. In 
this case, we do not have a good filtration satisfying the usual hypotheses under all the 
measures. In this paper, we shall use the following universal filtration F^ for the mutually 
singular probability measures {P,F G "P}: 

F^:={jf}^>0 where := p| (jf V AAp) for i > 0. (2.3) 
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Moreover, we denote by T (resp. T^) the set of all F-stopping times r (resp., F^- 
stopping times f) taking values in R4. U {00}. 

Remark 2.3 Notice that F+ C F'^ C f'^. The reason for the choice of this completed 
filtration F'^ is as follows. If we use the small filtration F"*", then the crucial aggregation 
result of Theorem 15.11 below will not hold true. On the other hand, if we use the augmented 
filtrations F , then Lemma 15.21 below does not hold. Consequently, in applications one will 
not be able to check the consistency condition ()5.2p in Theorem 15. H and thus will not be 
able to apply the aggregation result. See also Remarks 15.31 and 15.61 below. However, this 
choice of the completed filtration does not cause any problems in the applications. □ 

We note that F^ is right continuous and all "P-polar sets are contained in Jq . But 
F^ is not complete under each P S P. However, thanks to the Lemma 12.41 below, all the 
properties we need still hold under this filtration. 

For any sub-ci— algebra Q of J- 00 and any probability measure P, it is well-known that 
an J^-measurable random variable X is [Q V A/'''°(/oo)]~™6asurable if and only if there 
exists a ^-measurable random variable X such that X = X, P-almost surely. The follow- 
ing result extends this property to processes and states that one can always consider any 
process in its F"'"-progressively measurable version. Since F+ C F^, the F+ -progressively 
measurable version is also F^-progressively measurable. This important result will be used 
throughout our analysis so as to consider any process in its F^-progressively measurable 
version. However, we emphasize that the F^-progressively measurable version depends on 
the underlying probability measure P. 

Lemma 2.4 Let P he an arbitrary probability measure on the canonical space (ri, J-"oo), and 
P 

let X be an ¥ -progressively measurable process. Then, there exists a unique {F-almost 
surely) F'^ -progressively measurable process X such that X = X, ¥— almost surely. If, in 
addition, X is cadldg ¥-almost surely, then we can choose X to be cddldg F-almost surely. 

The proof is rather standard but it is provided in Appendix for completeness. We note that, 
the identity X = X, P-almost surely, is equivalent to that they are equal dt x dP-almost 
surely. However, if both of them are cadlag, then clearly Xt = Xt, Q < t < 1, P-almost 
surely. 

3 Aggregation 

We are now in a position to define the problem. 
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Definition 3.1 Let V C Vw^ and let {X^'^jP € be a family of F^-progressively measur- 
able processes. An F^-progressively measurable process X is called a V -aggregator of the 
family {X'^,P g -p} if X = , P-almost surely for every P G P. 

Clearly, for any family {X^^ , P G "P} which can be aggregated, the following consistency 
condition must hold. 

Definition 3.2 We say that a family {X'^,P G P} satisfies the consistency condition if, for 
any Pi, P2 G V, and f G satisfying Pi = P2 on P7 we have 

^Pi ^ [Q^^]^ _ almost surely. (3.4) 

Examp le 1 3 . 3 1 b elow shows that the above condition is in general not sufficient. Therefore, 
we are left with following two alternatives. 

• Restrict the range of aggregating processes by requiring that there exists a sequence 
of F^-progressively measurable processes {X"'}„>i such that X^ — )• X"^ , F-almost 
surely as n — ?■ cxd for all P G P. In this case, the P-aggregator is X := lim„_j.oo 
Moreover, the class V can be taken to be the largest possible class Vw- We observe 
that the aggregation results of Karandikar [lOj . Denis-Martini [5], and Peng [13] all 
belong to this case. Under some regularity on the processes, this condition holds. 

• Restrict the class V of mutually singular measures so that the consistency condition 
(|3.4p is sufficient for the largest possible family of processes {X''°,P G "P}. This is the 
main goal of the present paper. 

We close this section by constructing an example in which the consistency condition is 
not sufficient for aggregation. 

Example 3.3 Let d = 2. First, for each x,y G [1,2], let P'^'^ := Pq o {^B^ , ^B'^)-'^ 
and n^^y := {{B^)t = xt,{B'^)t = yt,t > 0}. Cleary for each {x,y), F'^'f G Vw and 
F'^'yin^J = 1. Next, for each a G [1,2], we define 

1 

¥a[E] :=-J {F^^'lE] + F^'^mdz for all E e Too- 

We claim that Pq G Vw- Indeed, for any ti < t2 and any bounded -Fj^ -measurable random 
variable 77, we have 

2E^^[{Bt, - BtM = I'lE^'^'m, - BtM+^^'^'^m, - BtM}dz = 0. 

Hence P^ is a martingale measure. Similarly, one can easily show that l2dt < d{B)t < 2l2dt, 
Pa-almost surely, where I2 is the 2x2 identity matrix. 
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For a G [1,2] set 

na := {{B^)t = at,t>0}U {{B^)t = at,t>0}^ U,e[i,2] [^a,z U fl.^a] 
so that IPa[^^a] = 1- Also for a ^ b, we have ^laCii^b = ^a,b U ilb,a and thus Pa[^^a H fife] = 

Fbifia nnb] = o. 

Now let V := {Fa, a G [1,2]} and set Xf(a;) = a for all t,a;. Notice that, for a ^ b, 
Pa and Pft disagree on J",^ C . Then the consistency condition ()3.4p holds trivially. 
However, we claim that there is no "P-aggregator X of the family {X",a G [1,2]}. Indeed, 
if there is X such that X = X"", P^-almost surely for all a G [1,2], then for any a G [1, 2], 

1 = Fa[X^ = a]= Fa[X, =a] = ^ ^'(p"'^[X = a] + P^''^[X = a])dz. 

Let A„ the Lebesgue measure on [1, 2]" for integer n > 1. Then, we have 

Xi(^{z : P"'^[X =a] = 1}) = \i(^{z : P^'"[X = a] = 1}) = 1, for ah a G [1,2]. 

Set Ai := {{a,z) : P'^'^[X = a] = 1}, A2 := {{z,a) : P"'"[X = a] = 1} so that AsC^li) = 
A2(^2) = 1- Moreover, ^1 n C {(a, a) : a G (0, 1]} and A2(Ai 0^2) = 0. Now we directly 
calculate that 1 > A2(Ai U A2) = X2{Ai) + A2(^2) - A2(^i n A2) = 2. This contradiction 
implies that there is no aggregator. □ 



4 Separable classes of mutually singular measures 

The main goal of this section is to identify a condition on the probability measures that 
yields aggregation as defined in the previous section. It is more convenient to specify this 
restriction through the diffusion processes. However, as we discussed in the Introduction 
there are technical difficulties in the connection between the diffusion processes and the 
probability measures. Therefore, in the first two subsections we will discuss the issue of 
uniqueness of the mapping from the diffusion process to a martingale measure. The separa- 
ble class of mutually singular measures are defined in subsection 14.41 after a short discussion 
of the supports of these measures in subsection 14. 3[ 

4.1 Classes of diffusion matrices 

Let 

For a given P G PvK, let 

Aw(F) := \a £A : a = a, P-almost surely). (4.1) 
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Recall that a is the density of the quadratic variation of {B) and is defined pointwise. We 
also define 



A subtle technical point is that Aw is strictly included in A. In fact, the process 
at ■■= l{at>2} + 31{at<2} IS clcarly in A \ Aw 

For any P G Vw and a € ^vf(1P)5 by the Levy characterization, the following Ito's 
stochastic integral under P is a P-Brownian motion: 



Also since B is the canonical process, a = a{B.) and thus 

dBt = a]''^{B.)dWf, P-almost surely, and Wf is a P-Brownian motion. (4.3) 

4.2 Characterization by diffusion matrices 

In view of (j4.3p . to construct a measure with a given quadratic variation a G Aw-, we 
consider the stochastic differential equation. 



In this generality, we consider only weak solutions P which we define next. Although the 
following definition is standard (see for example Stroock & Varadhan [H]), we provide it 
for specificity. 

Definition 4.1 Let a be an element of Aw- 

(i) For F— stopping times ti < r2 S 7~ and a probability measure P^ on we say that P is 
a weak solution of (j4.4p on [ti,T2] with initial condition ¥^ , denoted as P G P(ri, r2, P^, a), 
if the followings hold: 

1. P = pi on Fr^ ; 

2. The canonical process Bt is a P- local martingale on [Ti,r2]; 

3. The process Wt := /^^ as ^^"^ {B.)dBs, defined P— almost surely for all t G [Ti,r2], is a 
P-Brownian Motion. 

(ii) We say that the equation (j4.4p has weak uniqueness on [ri,r2] with initial condition P^ 
if any two weak solutions P and P' in 'P(ri, r2, P"^, a) satisfy P = P' on J>2- 

(iii) We say that (j4.4p has weak uniqueness if (ii) holds for any t\,T2 G T and any initial 
condition P^ on Jv, . 



Aw--= U Aw{^)- 




(4.2) 



1 /2 

dXt = a/ {X.)dBt^ Po-almost surely. 



(4.4) 
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We emphasize that the stopping times in this definition are F-stopping times. 

Note that, for each P G Vw and a G ^h/(1P), P is a weak solution of on M+ with 
initial value P(i?o = 0) = 1. We also need uniqueness of this map to characterize the measure 
P in terms of the diffusion matrix a. Indeed, if (|4.4p with a has weak uniqueness, we let 
P" G Vw be the unique weak solution of ()4.4p on ]R-)_ with initial condition ¥'°'{Bq = 0) = 1, 
and define, 

Aw '■= {a G Aw ■ (|4.4p has weak uniqueness} , Vw '■= {P" : o- G -^vf}- (4-5) 
We also define 

V^ := V^ n Vw, AiRP := {a G : P" G V^^}. (4.6) 

For notational simplicity, we denote 

F'':=F^", T ■.= ¥^\ for all a(^Aw (4.7) 

It is clear that, for each P G Vw, the weak uniqueness of the equation (j4.4p may depend 
on the version of a G ^vv'(IP)- This is indeed the case and the following example illustrates 
this observation. 

Example 4.2 Let ao(t) := 1, a2{t) '■= 2 and 

HO V2/ilnln/i"i J 

Then clearly both oq and 02 belong to .4vk- Also ai = ao, Po-almost surely and ai = 02, 
P'^a.ahnost surely. Hence, ai G lAvy(Po) n^iy(P''2). Therefore the equation (j44]l with 
coefficient ai has two weak solutions Pq and P'^^. Thus ai ^ ^14/. □ 

Remark 4.3 In this paper, we shall consider only those P G Vw C Vw- However, we do 
not know whether this inclusion is strict or not. In other words, given an arbitrary P G Vw-, 
can we always find one version a G .Avy(P) such that a G Aw'^ ^ 

It is easy to construct examples in Aw in the Markovian context. Below, we provide 
two classes of path dependent diffusion processes in Aw- These sets are in fact subsets of 
As C Aw-, which is defined in (I8.11|) below. We also construct some counter-examples in 
the Appendix. Denote 

Q:={(t,x) : t > 0,x G C([0,t],M'^)} . (4.8) 

Example 4.4 (Lipschitz coefficients) Let 

at := a^{t, B.) where cj : Q ^ 

is Lebesgue measurable, uniformly Lipschitz continuous in x under the uniform norm, and 
o"^(-,0) ^ A. Then ()4.4p has a unique strong solution and consequently a G Aw- ^ 
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Example 4.5 (Piecewise constant coefficients) Let a = J2'^=o ^■n'^[r?i,Tn+i) where {r„}„>o C 
T is a nondecreasing sequence of F— stopping times with tq = 0, r„ f oo as n — t- oo, and 
a„ € J-r„ with values in E>^^ for all n. Again (j4.4p has a unique strong solution and a € Aw- 
This example is in fact more involved than it looks like, mainly due to the presence of 
the stopping times. We relegate its proof to the Appendix. □ 

4.3 Support of P'^ 

In this subsection, we collect some properties of measures that are constructed in the pre- 
vious subsection. We fix a subset A C Aw, and denote hy V := {P" : a G A} the 
corresponding subset of Vw- In the sequel, we may also say 

a property holds quasi surely if it holds quasi surely. 

For any a A and any F^— stopping time f G T"^, let 

:= M I f asds = [ asds, for all te[0,f + -]}. (4.9) 
n>i ^Jo Jo n ) 

It is clear that 

n'ieff, is non-increasing in t, = f^?, and P''(l^^) = 1. (4.10) 

We next introduce the first disagreement time of any a,b £ A, which plays a central role in 
Section [5) 

:= inf |t > : asds / ^ 6,ds|, 

and, for any F^— stopping time f G T^, the agreement set of a and b up to f: 

:= {f < 9"'^} U {f = r-'' = oo}. 
Here we use the convention that inf = oo. It is obvious that 

E r^, G ^? and n 0| C (4.11) 

Remark 4.6 The above notations can be extended to all diffusion processes a,b £ A. This 
will be important in Lemma l4 . 1 2 1 b elow . □ 

4.4 Separability 

We are now in a position to state the restrictions needed for the main aggregation result 
Theorem 15.11 
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Definition 4.7 A subset Aq C Aw is called a generating class of diffusion coefficients if 

(i) ^0 satisfies the concatenation property: al[o^f) + ^l[t,oo) ^ -^o for a,b £ Aq, t > 0. 

(ii) Aq has constant disagreement times: for all a,b £ Aq, O""'^ is a constant or, equiva- 
lently, = or for all t > 0. 

We note that the concatenation property is standard in the stochastic control theory in 
order to establish the dynamic programming principle, see, e.g. page 5 in |14j . The constant 
disagreement times property is important for both Lemma 15.21 below and the aggregation 
result of Theorem 15.11 below. We will provide two examples of sets with these properties, 
after stating the main restriction for the aggregation result. 

Definition 4.8 We say ^ is a separable class of diffusion coefficients generated by Aq if 
^0 C Aw is a generating class of diffusion coefficients and A consists of all processes a of 
the form, 

oo oo 

« = EE«"i^ri[-n,^.+i)' (4-12) 

n=0 1=1 

where (a")i,n C (Tn)n C T is nondecreasing with tq = and 

• inf{n : r„ = oo} < oo, t„ < t„+i whenever < oo, and each t„ takes at most 
countably many values, 

• for each n, {E^,i > 1} C J>„ form a partition of 0. 

We emphasize that in the previous definition the r^'s are F— stopping times and G 
J-Tn- The following are two examples of generating classes of diffusion coefficients. 

Example 4.9 Let C ^ be the class of all deterministic mappings. Then clearly C 
Aw and satisfies both properties (the concatenation and the constant disagreement times 
properties) of a generating class. □ 

Example 4.10 Recall the set Q defined in ()4.8p . Let Pq be a set of deterministic Lebesgue 
measurable functions cr : Q — satisfying, 

- o" is uniformly Lipschitz continuous in x under L°°-norm, and cj^(-, 0) £ A and 

- for each x S C(R+,M'') and different o"i,o"2 G ^Oi the Lebesgue measure of the set 
^(o"i,o"2,x) is equal to 0, where 

A{ai,a2,x) := |t : <Ti(t,x|[o,t]) = f72(i,x|[o,t])|. 

Let T> be the class of all possible concatenations of T>q, i.e. a G T> takes the following form: 

oo 

0"(*>x) := ^cri(t,x)l[i^^f^_^^)(t), (t,x)GQ, 
1=0 



14 



for some sequence ti '[ oo and (Tj G Vq, i > 0. Let •= {'^^(^; B ) : G T^}. It is immediate 
to check that C and satisfies the concatenation and the constant disagreement times 
properties. Thus it is also a generating class. □ 



We next prove several important properties of separable classes. 

Proposition 4.11 Let A be a separable class of diffusion coefficients generated by Aq- 
Then A C Aw, and A-quasi surely is equivalent to Aq- quasi surely. Moreover, ifAo C A^.iep, 
then A C AiiHP- 

We need the following two lemmas to prove this result. The first one provides a conve- 
nient structure for the elements of A. 

Lemma 4.12 Let A be a separable class of diffusion coefficients generated by Aq. For any 
a & A and ¥ -stopping time t gT, there exist t < f £ T, a sequence {an, n > 1} C Aq, and 
a partition {En, ?^ > 1} C J> of Q, such that f > r on {t < oo} and 



In particular, En C ilr'^" and consequently Un^r'""" = Moreover, if a takes the form 
(j4.12p and t > Tn, then one can choose f > t„+i. 

The proof of this lemma is straightforward, but with technical notations. Thus we postpone 
it to the Appendix. 

We remark that at this point we do not know whether a G Aw- But the notations O'^'"-"- 
and Qr'""" are well defined as discussed in Remark 14.61 We recall from Definition 14.11 that 
P E V{ti,T2,P^ ,a) means P is a weak solution of (|4.4p on [fi,f2] with coefficient a and 
initial condition P^. 

Lemma 4.13 Let ti,T2 S T with t\ < T2, {a*,i > 1} C Aw {not necessarily in Aw) 
and {Ei,i > 1} C J-n be a partition of ^. Let be a probability measure on J-n and 



r G V{Ti,T2,F°,a') fori > 1. Define 

¥{E) :=^V{EnEi) for all E € and at:=^ailE,, t e [ti,T2]. 




for all t < f. 



i>i 



i>l 



Then P G P(ti, T2, P°, a). 



Proof Clearly, P = pO on JV,. It suffices to show that both Bt and BfBf 
P-local martingales on [ti , T2] . 



Ogds are 
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By a standard localization argument, we may assume without loss of generality that all 
the random variables below are integrable. Now for any ti < < T4 < T2 and any bounded 
random variable t] G , we have 



i>l 



i>l 



0. 



Therefore is a P- local martingale on [ti, r2]. Similarly one can show that BtBj — J^^ agds 
is also a P- local martingale on [ri, T2]. □ 

Proof of Proposition Let a G ^ be given as in (j4.12p . 

(i) We first show that a G Aw ■ Fix 61,62 with 61 < 62 and a probability measure P° 
on . Set 



To := 61 and f„ := (r„ V 6*1) A ^2, n > 1. 

We shall show that V{9i, 62, P'^, a) is a singleton, that is, the ()4.4p on [9i, 62] with coefficient 
a and initial condition P'^ has a unique weak solution. To do this we prove by induction on 
n that V{fo, f:„, P*^, a) is a singleton. 

First, let n = 1. We apply Lemma 14.121 with r = tq and choose f = fi. Then, 
at = J2i>i Oj(i)l_Bi for all t < fi, where G ^0 and {Ei, i > 1} C Tf^ form a partition of 

For i > 1, let P"'* be the unique weak solution in 'P(fo, fi, P*^, aj) and set 

po.'^(^) := ^pO'^(^ n Ei) for ah E & Ff^. 

i>l 

We use Lemma 14.131 to conclude that P*^'" G 'P(fo, fi, P*^, a). On the other hand, suppose 
P G 'P(fo, fi, P*^, a) is an arbitrary weak solution. For each i > 1, we define P* by 

F'{E) :=F{Er\Ei) +F°'\En{Eiy) for aU E € Ff,. 

We again use Lemma 14.131 and notice that alEi + ajl(£;.)c = Oj. The result is that P* G 
^(fo, fi, P*^, Oi). Now by the uniqueness in ^(fo, fi, P*^, aj) we conclude that P* = P*^'* on 
Ff^. This , in turn, imphes that P(^ n Ei) = F^'^E n Ei) for ah ^ G and z > 1. 
Therefore, P(^) = J2i>i'^°''{E n Ei) = pO'"(^) for all E e Ff,. Hence P(fo, n, P°, a) is a 
singleton. 

We continue with the induction step. Assume that V{fo,fn,F^ , a) is a singleton, and 
denote its unique element by P". Without loss of generality, we assume f„, < fn+i- Follow- 
ing the same arguments as above we know that V{fn,fn+i,F^,a) contains a unique weak 
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solution, denoted by P"+^. Then both Bf and BfBf — Ugds are P""'"^-local martingales on 
[fo, f„] and on [f„, f„+i]. This implies that F"+^ G 'P(fo, f„+i, P", a). On the other hand, let 
P € 'P(fo, f„+i, F", a) be an arbitrary weak solution. Since we also have F € 'P(fo, f„, P°, a), 
by the uniqueness in the induction assumption we must have the equality F = P" on J-'f^. 
Therefore, P G 7^(f„, f^+i, P", a). Thus by uniqueness F = P"+^ on J'f^^i- This proves the 
induction claim for n + 1 . 

Finally, note that ¥"^{E) = ¥"'{E) for all E G J^^n and m > n. Hence, we may define 
P°°(^) := P"(£') for EeFf^. Since inf{7i : r„ = 00} < oo, then inf{n : f„ = 6*2} < 00 and 
thus = \/n>i^fn- So we can uniquely extend P°° to Te^. Now we directly check that 
P°° G ^(611, 6^2, P°, a) and is unique. 

(ii) We next show that P'^(£') = for all A{j—'po\sx set E. Once again we apply Lemma 
14.121 with T = CO. Therefore at = X]i>i for all t > 0, where {aj,z > 1} C ^0 and 
{Ei,i > 1} C /oo form a partition of ii. Now for any ^o-polar set E, 

F^iE) = ^F^iEnEi) = ^F'''{EnEi) = 0. 

i>l i>l 

This clearly implies the equivalence between ^-quasi surely and ^o-quasi surely. 

(iii) We now assume ^0 C .Amrp and show that a G .4mrp. Let M be a P"-local martingale. 
We prove by induction on n again that M has a martingale representation on [0, t„] under 
P" for each n > 1. This, together with the assumption that inf{n : r„ = 00} < 00, implies 
that M has martingale representation on under P*^, and thus proves that F" G .Amrp- 

Since tq = 0, there is nothing to prove in the case of n = 0. Assume the result holds on 
[0,r„]. Apply Lemma |4. 121 with r = t„ and recall that in this case we can choose the f to 
be Tn+i- Hence at = I]j>i t < r„+i, where {ai,i > 1} C A and {Ei,i > 1} C Jv„ 

form a partition of fi. For each i > 1, define 

Mi := [Mm.„+, - MrJlE^lr.^,^){t) for ah t > 0. 

Then one can directly check that M* is a P"' -local martingale. Since G ^0 C .Amrp, 
there exists such that dM^ = HldBt, P"'-almost surely. Now define Ht := Y^i^i HllEi, 
Tn 1^ t < Tn+i- Then we have dMt = HtdBt, Tn < t < r„+i, F"-almost surely. □ 

We close this subsection by the following important example. 

Example 4.14 Assume ^0 consists of all deterministic functions a : M-|_ — )■ S^" taking the 
form at = J2iZo o.u'i-it^u+i) + at„l[t„,oo) where U £ Q and at^ has rational entries. This 
is a special case of Example 14.91 and thus ^0 C Aw- In this case ^0 is countable. Let 
.4o = {ai}i>i and define P := ^^^^ 2~*P"\ Then F is a dominating probability measure 
of all P", a G where A is the separable class of diffusion coefficients generated by Ao- 
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Therefore, ^-quasi surely is equivalent to P-almost surely. Notice however that A is not 
countable. □ 



5 Quasi-sure aggregation 

In this section, we fix 

a separable class A of diffusion coefficients generated by (5-1) 

and denote V := {P'*, a G A}. Then we prove the main aggregation result of this paper. 

For this we recall that the notion of aggregation is defined in Definition 13.11 and the 
notations 9°"'^ and 0"'^ are introduced in subsection 14.31 

Theorem 5.1 (Quasi sure aggregation) For A satisfying ()5.ip . let {X°-,a G A} be 
a family of ¥^ -progressively measurable processes. Then there exists a unique (V—q.s.) 
V -aggregator X if and only if{X"',a G .4} satisfies the consistency condition 

X" = X^ P" - almost surely on [0, d"'^) for any a e Aq and b e A. (5.2) 

Moreover, if X^ is cddldg ¥°'-almost surely for all a £ A, then we can choose a V-q.s. 
cddldg version of the V-aggregator X. 

We note that the consistency condition (j5.2p is slightly different from the condition (13. 4p 
before. The condition (j5.2p is more natural in this framework and is more convenient to 
check in applications. Before the proof of the theorem, we first show that, for any a,b £ A, 
the corresponding probability measures P" and P** agree as long as a and b agree. 

Lemma 5.2 For A satisfying (jS.ip and a,b £ A, 9°"'^ is an ^-stopping time taking countably 
many values and 

P"(SnO"'^) =P^(^nO"''') for all f ef^ and E e ff. (5.3) 

Proof, (i) We first show that 9°"'^ is an F-stopping time. Fix an arbitrary time to- In view 
of Lemma 14.121 with t = tQ, we assume without loss of generality that 

Oi = ^ an{t)lE„ and 6* = ^ bn{t)lE„ for all t < f, 

n>l n>l 
where f > to, an,bn & Aq and {En, n > 1} C Tto form a partition of 0. Then 

{9'''b <to} = \J [{r-''" < to} n En . 
n 
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By the constant disagreement times property of Aq, 9°-"'^" is a constant. This imphes that 
|^a„,6„ < jg equal to either or 0. Since En € Tto, we conclude that {9"'''' < to} G J^to 
for all to > 0. That is, 9°"'^ is an F-stopping time. 

(ii) We next show that 0"''' takes only countable many values. In fact, by (i) we may now 
apply Lemma 14.121 with r = 9"''^. So we may write 

at = an(t)l^^ and = 6„ (t) 1^^ for all t<6, 

n>l n>l 

where 9 > 6""'^ or 9 = 9°'''' = oo, an,bn E and {En,n > 1} C Tga.b form a partition of 
n. Then it is clear that 9°'''^ = 9"'"'^" on for all n > 1. For each n, by the constant 
disagreement times property of 9°""'^" is constant. Hence 9°"'^ takes only countable many 
values. 



(iii) We now prove ()5.3p . We first claim that, 

Jga,!, VAA'^"(J-oo)l for any E PT . (5.4) 



Indeed, for any t > 0, 



E n 17^'^ n {^'^''' < t} = ^ n {f < 9''^^] n {^'^''' < t} 



II n {f < r'^} n {f < t - -} n {r-'' < t} 

^ L m . 

m>l 



By (i) above, {6*"'* < t} G J*. For each m > 1, 



m 

and (fOI) follows. 



By dMj), there exist E'^'^E"'' G J^a.b, i = 1, 2, such that 
E"'^ C En n"/ C E^'^ cEn n"/ C and p«(^'^.2^^a,i^ ^ p6^^fe,2^^6,i) = 0. 

Define E^ := E""'^ U E^'^ and — £;a,2 p £.6,2^ ^.j^^^ 

E^,E^ e Fea,b, E^ C EC E^, and P''(£;2\^i) = F^{E\E^) = 0. 

Thus F'^iEnn"/) = P'^(£;2) and P''(EnJ7^'^) = F''{E^). Finally, since ^ jr^^ following 
the definition of P"^ and P*, in particular the uniqueness of weak solution of (j4.4p on the 
interval [0,6*'^'*], we conclude that F'^iE^) = F''{E^). This implies dOj) immediately. □ 



Remark 5.3 The property (j5.3p is crucial for checking the consistency conditions in our 
aggregation result in Theorem 15.11 We note that ()5.3p does not hold if we replace the 
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completed a— algebra J^" n J-"^ with the augmented a— algebra J-"" n T ^. To see this, let 
d = 1, Of := 1, 6t := 1 + l[i^oo)(0- In this case, 6*"'^ = 1. Let r := 0, ^ := fif. One can 
easily check that Jlg'^ = f], P''(^) = 1, Y^(E) = 0. This implies that S G n J'J and 
E C ^7o'^ However, P"(£;) = 1 / = P^(^). See also Remark O □ 

Proof of Theorem \5.1[ The uniqueness of "P— aggregator is immediate. By Lemma 15.21 and 
the uniqueness of weak solutions of (j4.4p on [0, 9°''''], we know = P'' on J^ga,b. Then the 
existence of the "P-aggregator obviously implies ()5.2p . We now assume that the condition 
(|5.2p holds and prove the existence of the P-aggregator. 

We first claim that, without loss of generality, we may assume that X"' is cadlag. Indeed, 
suppose that the theorem holds for cadlag processes. Then we construct a P-aggregator for 
a family {X",a G A}, not necessarily cadlag, as follows: 

- If < R for some constant R > and for aU a € A, set Yf' := j^X'^ds. Then, 
the family {y,a G A} inherits the consistency condition (j5.2p . Since Y"" is continuous for 
every a G A, this family admits a P-aggreg ator Y. Define Xt := lim^^o 7 [i^i+e - Yt]- Then 
one can verify directly that X satisfies all the requirements. 

- In the general case, set X^'"" := {—R)\/X°'AR. By the previous arguments there exists 
P-aggregator X^ of the family {X^'°-,a G A} and it is immediate that X := lim/{_!.oo X^ 
satisfies all the requirements. 

We now assume that X'^ is cadlag, P"-almost surely for all a G A. In this case, the 
consistency condition (15. 2p is equivalent to 

X^ = X^, 0<t< 6'"•^ P"-almost surely for any a G A and 6 G A. (5.5) 

Step 1. We first introduce the following quotient sets of ^o- each t, and a,6 G 
we say a ~t 6 if f]"''' = ft (or, equivalently, the constant disagreement time 0"''' > t). Then 
~t is an equivalence relationship in ^o- Thus one can form a partition of Aq based on ~t. 
Pick an element from each partition set to construct a quotient set Ao{t) C Aq- That is, 
for any a G Aq, there exists a unique b G ^o(^) such that fi"''' = fl. Recall the notation 
defined in (14. 9p . By (|4.1ip and the constant disagreement times property of we know 
that {Oj,a G Ao{t)} are disjoint. 
Step 2. For fixed t G M+, define 

^^(uj) := ^ X^{uj)lna{uj) for ah uj € Q. (5.6) 

The above uncountable sum is well defined because the sets {Of, a G ^o(*)} are disjoint. 
In this step, we show that 

is ^^-measurable and = X^, P"-almost surely for all a & A. (5.7) 
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We prove this claim in the foUowing three sub-cases. 

2.1. For each a G Ao{t), by definition = on Q^. Equivalently {^t / X^} C (i^tT- 
Moreover, by (|ilO]) . P"((fif)=) = 0. Since Of G and .Ff is complete under P", is 
J7-measurable and P"(^t = ) = 1. 

2.2. Also, for each a € there exists a unique b G ^o(i) such that a ~t 6. Then 
Ct = on 0^ Since Q^''' = Q, it follows from Lemma EJ that P" = P^ on J"+ and 
F^in^) = P\0^) = 1. Hence P°(6 = X^^) = 1. Now by the same argument as in the first 
case, we can prove that is J^f -measurable. Moreover, by the consistency condition (j5.8p . 
P"(Xf = Xf) = 1. This implies that P"(^t = ) = 1. 

2.3. Now consider a & A. We apply Lemma 14.121 with t = t. This implies that there exist 
a sequence {aj,j > 1} C such that 17 = Uj>i^l^'"'\ Then 

Now for each j > 1, 

Applying Lemma 15.21 and using the consistency condition (|5.5p . we obtain 
pa (^^a, / ATf } n 0"'"^ ) = P'^^ ({X''^' i-Xl}r\ Jl"'"^ ) 

= P''^ ({xl' / xa n {t < 0'^''^^}) = 0. 



Moreover, for aj G by the previous sub-case, {^j / Xj'^^} G A/''^ \T^^. Hence there 
exists D G such that P''^(Z)) = and {it + X^} C D. Therefore 



{i^ / xl' } n 0"'"^' C D n !^"'"^' and P" n 0"'"^' ) = P'^^' n !^"'°' ) = 0. 

This means that / X"^ } n J]"'"^ G AA^"(J"+). All of these together imply that {it ^ 
Xf } G AA^''(j;+). Therefore, it G and P'^(et = Xf ) = 1. 

Finally, since it G J^f for all a G ^, we conclude that it G Pf . This completes the proof 
of (lOl . 

Step 3. For each n > 1, set := > and define 

oo oo 

X-'^ := Xo"l|o} + E^*rl(*r-i.*?] ah a G ^ and X^ := iol{o} + 

1=1 i=l 

where is defined by i^. Let := {PZ_i,t > 0}. By Step 2, X'^'",X" are F'^- 

n 

progressively measurable and P"(X" = X"'",t > 0) = 1 for all a & A. We now define 

X := Ik^^ X". 

>oo 
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Since F" is decreasing to and F^ is right continuous, X is F^-progressively measurable. 
Moreover, for each a £ A, 

{Xt = X^, t > 0} f]{X is cadlag} D [ f] {XJ" = t > 0}] (~]{X'' is cadlag}. 

n>l 

Therefore X = X" and X is cadlag, P"-almost surely for all a £ A. In particular, X is 
cadlag, "P-quasi surely. □ 

Let f G and {^", a G A} be a family of -measurable random variables. We say an 
J^? -measurable random variable ^ is a P-aggregator of the family {^", a £ A} if ^ = P'^- 
almost surely for all a £ A. Note that we may identify any J^F-measurable random variable 
^ with the F^ -progressively measurable process Xt := ■?l[f,oo)- Then a direct consequence 
of Theorem 15.11 is the following. 

Corollary 5.4 Let A be satisfying ()5.ip and f £ . Then the family of J^f -measurable 
random variables {^",a G A} has a unique iV-q.s.) V-aggregator ^ if and only if the 
following consistency condition holds: 

= on F"--almost surely for any a e Aq and b G A. (5.8) 



For the next result, we recall that the P-Brownian motion is defined in ()4.2p . As a 
direct consequence of Theorem 15. H the following result defines the "P-Brownian motion. 

Corollary 5.5 For A satisfying (15. ip . the family {W^'' , a G A} admits a unique V -aggregator 
W . Since W^"^ is a F'^-Brownian motion for every a ^ A, we call W a V-universal Brownian 
motion. 

Proof. Let a,b G A. For each n, denote 

Tn := inf |t > : ^ \as\ds > n| A 6'"•^ 

Then -B.at„ is a P*-square integrable martingale. By standard construction of stochastic 
integral, see e.g. [H] Proposition 2.6, there exist F-adapted simple processes /3'''™ such that 

lim E^'l r \al{p''/'' - ashfds} = 0. (5.9) 

Define the universal process 

Jo 
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Then 



lim 



sup 

0<t<r„ 



0. 



(5.10) 



By Lemma 12.41 all the processes in (]5.9p and (IS.lOp can be viewed as F-adapted. Since 
Tn ^ ^"''') applying Lemma 15.21 we obtain from (|5.9p and ()5.10p that 



lim 

■m— >oo 



Tn 1 _1 



ds} =0, lim E'^ 



sup 

0<t<r„ 



0. 



The first limit above implies that 



Um E"^ 



sup 

0<t<T„ 



which, together with the second limit above, in turn leads to 



Clearly t„ f ^"'^ as n oo. Then 



wr=wr, o<t< 



qa,b ma 



a.s. 



a.s. 



That is, the family {VF'^'',a € A} satisfies the consistency condition (|5.2p . We then apply 
Theorem 15.11 directlv to obtain the "P— aggregator W. □ 

The "P— Brownian motion W is our first example of a stochastic integral defined simul- 
taneously under all P", a e A: 



Wt = [ a^'^/^dBs, t>0, V-q.s. 
Jo 

We will investigate in detail the universal integration in Section [6j 



(5.11) 



Remark 5.6 Although a and W^"^ are F-progressively measurable, from Theorem 15.11 we 
can only deduce that a and W are F^-progressively measurable. On the other hand, if 
we take a version of W^" that is progressively measurable to the augmented filtration F", 
then in general the consistency condition ()5.2p does not hold. For example, let d = 1, 
at := 1, and bt := I + l[i,oo)(^)) t > 0, as in Remark 15.31 Set Wf"^ {to) := Bt{uj) + l(f^a)c(a;) 
and Wf{uj) := Bt{u}) + [Bt{uj) - Bi{uj)]lii^^){t). Then both W^" and W^' are n F^- 
progressively measurable. However, 9°"'^ = 1, but F''{Wq'' = Wq'') = F^{i}f) = 0, so we do 
not have W^"" = W^' , P^'-almost surely on [0, 1]. □ 
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6 Quasi-sure stochastic analysis 



In this section, we fix again a separable class A of diffusion coefficients generated by 
and set P := {P" : a G A}. We shall develop the P-quasi sure stochastic analysis. We 
emphasize again that, when a probability measure ¥ € V is fixed, by Lemma 12.41 there is 
no need to distinguish the filtrations F+jF'*", and f''". 

We first introduce several spaces. Denote by L*^ the collection of all -measurable 
random variables with appropriate dimension. For each p G [l,oo] and P G we denote 
by L''(P) the corresponding space under the measure P and 

LP := Pi LP(P). 

Similarly, if := E[°(M'^) denotes the collect ion of all M'^ valued F^-progressively measurable 
processes. E[?'(P") is the subset of all H £lf satisfying 



\H\\P —E^ 



T 



\a 







p/2- 



< oo for all T > 0, 



and ]HI^^^(P") is the subset of H*^ whose elements satisfy \a^J'^ Hs\'^ds < oo, P"-almost 
surely, for all T > 0. Finally, we define 

W := fl E[P(P) and ML := fl ^'-(P)- 

PeP vev 

The following two results are direct applications of Theorem 15.11 Similar results were 
also proved in [5l E], see e.g. Theorem 2.1 in [5], Theorem 36 in [6] and the Kolmogorov 
criterion of Theorem 31 in [B]. 

Proposition 6.1 (Completeness) Fix p > 1, and let A be satisfying (jS.ip . 

(i) Let {Xn)n C LP 6e a Cauchy sequence under each P", a ^ A. Then there exists a unique 
random variable X G such that X in LP(P", J^^) for every a ^ A. 

(ii) Let {Xn)n C MP be a Cauchy sequence under the norm \\ ■ ||t,hp(P'») for all T > and 
a £ A. Then there exists a unique process X G HP such that Xn — >• X under the norm 
II ■ IIt,hp(p«) for all T > and a £ A. 

Proof (i) By the completeness of LP(P", J"^), we may find X"" G LP(P'', J"^) such that 
Xn — 7" X"" in LP(P'^, J^^). The consistency condition of Theorem 15.11 is obviously satisfied 
by the family {X"',a G A}, and the result follows, (ii) can be proved by a similar argument. 

□ 
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Proposition 6.2 (Kolmogorov continuity criteria) Let A be satisfying ()5.ip . and X 

he an -progressively measurable process with values in M". We further assume that for 
some p > 1, G for all t > and satisfy 

E^" [\Xt - Xs\^] < Ca\t - sP"*"^" for some constants Ca,ea > 0. 

Then X admits an ¥^ -progressively measurable version X which is Holder continuous, V- 
q.s. {with Holder exponent Ua < £a/p, ^""-almost surely for every a ^ A). 

Proof. We apply the Kolmogorov continuity criterion under each P", a ^ A. This yields a 

pa 

family of F -progressively measurable processes {X°',a S A} such that X"" = X, P'^-almost 
surely, and X" is Holder continuous with Holder exponent Ua < £a/p, IP'^-almost surely for 
every a & A. Also in view of Lemma [2.41 we may assume without loss of generality that X"' 
is F^-progressively measurable for every a A. Since each X"' is a P'^-modification of X 
for every a £ A, the consistency condition of Theorem 15.11 is immediately satisfied by the 
family {X°',a G A}. Then, the aggregated process X constructed in that theorem has the 
desired properties. □ 

Remark 6.3 The statements of Propositions 16.11 and 16.21 can be weakened further by al- 
lowing p to depend on a. □ 

We next construct the stochastic integral with respect to the canonical process B which is 
simultaneously defined under all the mutually singular measures F^, a £ A. Such construc- 
tions have been given in the literature but under regularity assumptions on the integrand. 
Here we only place standard conditions on the integrand but not regularity. 

Theorem 6.4 (Stochastic integration) For A satisfying ()5.ip . let H G ^foc given. 
Then, there exists a unique (V-q.s.) ¥^ -progressively measurable process M such that M is 
a local martingale under each P" and 

Mt = [ HgdBs, t>0, F"'-almost surely for all a e A. 



Jo 

If in addition H £ M^, then for every a £ A, M is a square integrable -martingale. 
Moreover, E^^fM^] = E^^ifl, \al^^ Hs\'^ds] for all t > 0. 

Proof. For every a £ A, the stochastic integral Mf := Jq HgdEg is well-defined P'^-almost 
surely as a F -progressively measurable process. By Lemma 12.41 we may assume without 
loss of generality that M"" is F^-adapted. Following the arguments in Corollary 15.51 in 
particular by applying Lemma [5. 2 1 it is clear that the consistency condition (j5.2p of Theorem 
15.11 is satisfied by the family {M°-,a £ A}. Hence, there exists an aggregating process 



25 



M. The remaining statements in the theorem fohows from classical results for standard 
stochastic integration under each P". □ 
We next study the martingale representation. 

Theorem 6.5 (Martingale representation) Let A be a separable class of diffusion co- 
efficients generated by Aq C Ambp- Let M be an ¥^ -progressively measurable process which 
is a V— quasi sure local martingale, that is, M is a local martingale under P for all P G "P. 
Then there exists a unique iV-q.s.) process H G H^^^ such that 

Mt = Mo+ f HsdBs, t>0, V-q.s.. 
Jo 

Proof. By Proposition 14.111 C Amrp- Then for each P G all P— martingales can be 
represented as stochastic integrals with respect to the canonical process. Hence, there exists 
unique (P— almost surely) process G E[^^^^(P) such that 

Mt = Mo + / H^dBs, t > 0, P-almost surely. 
Jo 

Then the quadratic covariation under P'' satisfies 

rt 

{M,B)f = j H^asds, t>0, P - almost surely. (6.1) 
Jo 

Now for any a,b £ A, from the construction of quadratic covariation and that of Lebesgue 
integrals, following similar arguments as in Corollary 15.51 one can easily check that 

/ Hrdsds = {M, B)Y = (M, B)f = / Hfasds, 0<t< P" - almost surely. 

Jo Jo 

This implies that 

l[o,ea,6) = l^Q^ga,b-^, dt X dP'^ — almost surely. 

That is, the family {H^,¥ G V} satisfies the consistency condition (15. 2p . Therefore, we 
may aggregate them into a process H. Then one may directly check that H satisfies all the 
requirements. □ 

There is also P-quasi sure decomposition of super-martingales. 

Proposition 6.6 (Doob-Meyer decomposition) For A satisfying (j5.ip . assume anW'^- 
progressively measurable process X is a V-quasi sure supermartingale, i.e., X is a P"- 
supermartingale for all a G A. Then there exist a unique (V-q.s.) ¥^ -progressively measur- 
able processes M and K such that M is a V-quasi sure local martingale and K is predictable 
and increasing, V-q.s., with Mo = = 0, and Xt = Xq + Mt — Kt, t > 0, V-quasi surely. 

If further X is in class (D), V-quasi surely, i.e. the family {Xf ,f G T} is ¥-uniformly 
integrable, for all ¥ £ V, then M is a V-quasi surely uniformly integrable martingale. 
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Proof. For every P G we apply Doob-Meyer decomposition theorem (see e.g. Dellacherie- 
Meyer [5] Theorem VII- 12). Hence there exist a P-local martingale and a P-almost 
surely increasing process such that Mq = Kq = 0, P-almost surely. The consistency 
condition of Theorem 15.11 follows from the uniqueness of the Doob-Meyer decomposition. 
Then, the aggregated processes provide the universal decomposition. □ 

The following results also follow from similar applications of our main result. 

Proposition 6.7 (Ito's formula) For A satisfying (jS.ip . let A,H be -progressively 
measurable processes with values in R and M.'^, respectively. Assume that A has finite varia- 
tion over each time interval [0, t] and H G Hfo^- ^'^^ ^ ^ 0, set Xt := At + Jq HgdBs. Then 
for any function / : M — )• M, we have 



f{Xt) = f{Ao) + /* f'{Xs){dAs + HsdBs) + \ f HjasHsf"{Xs)ds, t > 0, V-q. 
Jo ^ Jo 



s.. 



10 Jo 

Proof. Apply Ito's formula under each ¥ £ V, and proceed as in the proof of Theorem [67 

□ 

Proposition 6.8 (local time) For A satisfying (jS.ip . let A, H and X be as in Proposition 



6.7. Then for any x S M, the local time {Lf,t > 0} exists V-quasi surely and is given by, 

2L'f = \Xt - x\ - \Xo - x\ - [ sgn{Xs - x){dAs + H^dBs), t > 0, V - q.s.. 

Jo 

Proof. Apply Tanaka's formula under each P € and proceed as in the proof of Theorem 
16:41 □ 

Following exactly as in the previous results, we obtain a Girsanov theorem in this context 
as well. 



Proposition 6.9 (Girsanov) For A satisfying (15. ip . let (j) be -progressively measurable 
d Jq |</)<ipds < oo for all i > 0, V-quasi surely. Let 



an ' 



1 



t \ rt 



exp i^J (l)sdWs --J \(j)s\^dsj and Wt ■.= Wt- j c^^ds, t > 0, 

where W is the V-Brownian motion of (|5.1ip . Suppose that for each P G E'^[Zr] = 1 for 
some T > 0. On Ft we define the probability measure Q*^ by d'^ = ZxdF. Then, 

([f o = P o VF"! for every P G 

i.e. W is a Q^-Brownian motion on [0,r, ] for every P G "P. 
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We finally discuss stochastic differential equations in this framework. Set Q"* := {(i, x) : 
t > 0,x G C[0,tY''}. Let b,a be two functions from n x Q™ to R™ and Mm,d(M), respec- 
tively. Here, Mm,dO^) is the space of m x d matrices with real entries. We are interested 
in the problem of solving the following stochastic differential equation simultaneously under 
all FgV, 

Xt = Xo+ [ hs{X^)ds+ ! as{X^)dBs, t>0, V-q.s., (6.2) 
Jo Jo 

where 2Lt •= i^s, s < t). 

Proposition 6.10 Let A be satisfying (jS.ip . and assume that, for every P € and t & T, 
the equation ()6.2p has a unique ¥^ -progressively measurable strong solution on interval [0,r]. 
Then there is a V -quasi surely aggregated solution to (|6.2p . 

Proof. For each ¥ ^ A, there is a P-solution X^ on [0,oo), which we may consider in its 
F^-progressively measurable version by Lemma |2.4[ The uniqueness on each [0,r],r G T 
implies that the family {X'^^jP G V} satisfies the consistency condition of Theorem 15. li □ 



7 An application 

As an application of our theory, we consider the problem of super-hedging contingent claims 
under volatility uncertainty, which was studied by Denis and Martini [5]. In contrast with 
their approach, our framework allows to obtain the existence of the optimal hedging strategy. 
However, this is achieved at the price of restricting the non-dominated family of probability 
measures. 

We also mention a related recent paper by Fernholz and Karatzas [B] whose existence 
results are obtained in the Markov case with a continuity assumption on the corresponding 
value function. 

Let ^ be a separable class of diffusion coefficients generated by Ao, and V := {P" : 
a G A} be the corresponding family of measures. We consider a fixed time horizon, say 
T = 1. Clearly all the results in previous sections can be extended to this setting, after 
some obvious modifications. Fix a nonnegative measurable real- valued random variable 
^. The super hedging cost of is defined by 

u(^) := inf |x : x -\- J HgdBg > ^, V-q.s. for some H G Ti^ , 

where the stochastic integral HgdEg is defined in the sense of Theorem El and F G ]H° 
belongs to % if and only if 

/ hJ cbtHtdt < oo V-q.s. and / HgdBs is a V-q.s. supermartingale. 
JO Jo 
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We shall provide a dual formulation of the problem f (^) in terms of the following dynamic 
optimization problem, 

Vf ■■= esssuiF^E^'iCl^f], P<^-a.s., aeA,fef, (7.1) 
fee^(f ,a) 

where 

A{f, a):={b£A: 9"'^ > f or 6"'^ = f = 1}. 

Theorem 7.1 Let A be a separable class of diffusion coefficients generated by Aq C Aj^iep- 
Assume that the family of random variables {V^,f € T} is uniformly integrable under all 
F gV. Then 

v{0 = V{0 ■■= supIKIIl-CP-^)- (7.2) 
Moreover, if v{£,) < oo, then there exists H G Ti such that v{^) + HgdBs > V-q.s.. 



To prove the theorem, we need the following (partial) dynamic programming principle. 

Lemma 7.2 Let A be satisfying (jS.ip . and assume V^(^) < oo. Then, for any fi,'f2 G T 
with fi < 'r2, 

yF- > E^''[Vl'\fr,],F'' -almost surely for all a e A and b E A{a,fi). 

Proof. By the definition of essential supremum, see e.g. Neveu |12j (Proposition VI-1-1), 
there exist a sequence {bj,j > 1} C A{b, such that V?^ = supj>|E'^ ^ IP''-almost 
surely. For n > 1, denote := supi<j<„ E^^"' [Cl-Ff^]. Then V^^"" t VF\ P^-almost 

surely as n — )■ oo. By the monotone convergence theorem, we also have E''°''[T/j^'"'|^fJ f 
¥F'[vf\fr^], P^-almost surely, as n ^ oo. Since b G A{a,fi), P'' = P" on f^,. Then 
^^"[Vf^'^l^Ti] t FF'lvf'lfri], P'^-almost surely, as n ^ oo. Thus it suffices to show that 

y¥- > e'^''[1A^'"|J"^J, P"-almost surely for ah n > 1. (7.3) 

Fix n and define 

:= min O'"'^^ . 

l<i<n 

By Lemma [5. 2 1 6'^'^^ are F-stopping times taking only countably many values, then so is 9^. 
Moreover, since bj G A{b,f2), we have either 6*^ > f2 or 0,^ = f2 = 1. Following exactly the 
same arguments as in the proof of (|5.4p , we arrive at 
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Since P^^ = on J-fj, without loss of generality we may assume the random variables 
lE^"' [Cl-^fa] and are -measurable. Set Aj := {E"?"' [^I-Ffj] = F^"} and ii := Ai, 
Aj := Aj\ Ui<j Ai, 2 < j < n. Then Ai, • • • , A n are J^^t -measurable and form a partition 
of il. Now set 

n 

b{t) := b{t)l^o,r,)it) + Y.bj{t)lj^l[,^^^{t). 
i=i 

We claim that b £ A. Equivalently, we need to show that b takes the form (j4.12p . We know 
that b and bj have the form 



m=0 i=l m=0 i=l 

with the stopping times and sets as before. Since bj{t) = b{t) for t < 9^ and j = 1, • • • , n, 



= 5(t)l[o,ej,) + 5^1^^.6,(t)l[,.,i](i) 



m,=0 j=l 

n oo oo 

j=l m=0 i=l 



By Definition \A.8\ it is clear that A and Tm V are F-stopping times and take only 
countably many values, for all m > and 1 < j < n. For m > and 1 < j < ra, one can 
easily see that E^'"^ n {r^ < is T^o /^gb -measurable and that Ej'"^ n Aj n {t;^+i > 6^} 
is j ^6 -measurable. By ordering the stopping times r5, A 9'i and Tm V 0^ we prove our 
claim that b £ A. 

It is now clear that b E A{b, C A{a, fi). Thus, 



T2_ 



n 



i=i 

E^'[^EiP''^[^ 
j=i 

n 



n 



^ T 



E^ [y: 



J>J, P"- almost surely. 



Finally, since 



on J-fj and 



on J-f^ , we prove (j7.3p and hence the lemma. □ 
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Proof of Theorem 7. 1 , We first prove that v{S,) > V{S,). If t'(^) = oo, then the inequality 
is obvious. If v{^) < oo, there are x € M and H £ H such that the process Xt := x+f^ HgdEg 
satisfies Xi > ^, "P— quasi surely. Notice that the process X is a P^-supermartingale for 
every b £ A. Hence 

X = Xo>E^\Xi\fo]>E^'[^\fo], P^-a.s. ^ b € A. 

By Lemma 15.21 we know that = P^ on whenever a £ A and b € -4,(0, a). Therefore, 

x>E^'[^\fo], P^-a.s.. 

The definition of V^"" and the above inequality imply that x > Vq'' , P"-almost surely. This 
implies that x > || V^''°" ||Loo(pa) for all a £ A. Therefore, x > V{^). Since this holds for any 
initial data x that is super-replicating we conclude that v{(,) > V{£,). 

We next prove the opposite inequality. Again, we may assume that V{(,) < oo. Then 
^ G L"*^. For each P G by Lemma [7.2l the family {V^, f G T} satisfies the (partial) dynamic 
programming principle. Then following standard arguments (see e.g. Appendix A2), we 
construct from this family a cadlag (F^, P)-supermartingale V"^ defined by, 

Vr:=mV^, tG[0,l]. (7.4) 

Also for each f G T, it is clear that the family {T/?,P G V} satisfies the consistency 
condition (15. 8p . Then it follows immediately from (17. 4p that {V^''',P G V} satisfies the 
consistency condition (|5.8p for all t G [0, 1]. Since P-almost surely V"^ is cadlag, the family 
of processes {y'^,P G "P} also satisfy the consistency condition (j5.2p . We then conclude 
from Theorem 1 5 . II that there exists a unique aggregating process V . 

Note that is a 7^-quasi sure supermartingale. Then it follows from the Doob-Meyer 
decomposition of Proposition 16.61 that there exist a P-quasi sure local martingale M and 
a P-quasi sure increasing process K such that Mq = Kq = and Vt = Vq + Mt — Kt, 
t G [0, 1), P-quasi surely. Using the uniform integrability hypothesis of this theorem, we 
conclude that the previous decomposition holds on [0, 1] and the process M is a P-quasi 
sure martingale on [0, 1]. 

In view of the martingale representation Theorem 16.51 there exists an F^-progressively 
measurable process H such that Jq HjatHtdt < oo and Vt = Vo + HsdBs - Kt, t > 0, 
T'-quasi surely. Notice that Vi = and Ki > Kq = 0. Hence Vq + Jq HgdBs > P-quasi 
surely. Moreover, by the definition of V{(,), it is clear that V{S,) > Vq, P-quasi surely. Thus 
V{(,) + Jq HsdBs > t 7^-quasi surely. 

Finally, since ^ is nonnegative, V > 0. Therefore, 

V{0 + [ HsdBs >Vo+ [ HsdBs > Vt > 0, V- q.s.. 
Jo Jo 
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This implies that H eU, and thus V{Cj > v{^). □ 

Remark 7.3 Denis and Martini [5] require 

a<a<a for all a £ A, (7-5) 

for some given constant matrices a < a in S^*^. We do not impose this constraint. In other 
words, we may allow a = and a = oo. Such a relaxation is important in problems of static 
hedging in finance, see e.g. [2] and the references therein. However, we still require that 
each a £ A takes values in S^". □ 

We shall introduce the set As C Amhp induced from strong formulation in Section [H) 
When ^0 C As, we have the following additional interesting properties. 

Remark 7.4 If each ¥ € V satisfies the Blumenthal zero-one law (e.g. if Aq C As by 
Lemma 18.21 below), then Vq°" is a constant for all a A, and thus (j7.2p becomes 

aeA 

Remark 7.5 In general, the value V{(,) depends on A, then so does i'(^). However, when 
^ is uniformly continuous in uj under the uniform norm, we show in [16] that 



sup E'^[^] = inf jx : x+ j HsdBs > ^, P-a.s. for ah P G Vs, for some H e hI ,(7.6) 
PePs [Jo J 

and the optimal superhedging strategy H exists, where H is the space of F-progressively 
measurable H such that, for all P € Vs, Jq HjatHtdt < oo, P-almost surely and Jg HgdEg 
is a P-supermartingale. Moreover, if ^ C As is dense in some sense, then 

y(^) = v(C) = the 'Ps'-super hedging cost in (j7.6p . 

In particular, all functions are independent of the choice of A. This issue is discussed 
in details in our accompanying paper [16] (Theorem 5.3 and Proposition 5.4), where we 
establish a duality result for a more general setting called the second order target problem. 
However, the set-up in is more general and this independence can be proved by the 
above arguments under suitable assumptions. □ 

8 Mutually singular measures induced by strong formulation 

We recall the set Vs introduced in the Introduction as 

Vs ■■= {Pg : a G A} where Pg := Pq o (X")"^ , (8.7) 
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and X" is given in (jl.ip . Clearly Vs C Vw Although we do not use it in the present paper, 
this class is important both in theory and in applications. We remark that Denis-Martini 
[5] and our paper [15] consider the class Vw while Denis-Hu-Peng [6] and our paper |17] 
consider the class Vs, up to some technical restriction of the diffusion coefficients. 
We start the analysis of this set by noting that 

a is the quadratic variation density of and dBs = a~^^^(iX", under Pq. (8.8) 
Since B under has the same distribution as X" under Pq, it is clear that 

the Pg-distribution of {B, a, W^s) is equal to the Po-distribution of (X", a, B). (8.9) 
In particular, this implies that 



a(X°) = a(5), Po-a.s., a{B) = a{W^s), Pg-a.s., 
and for any a G Aw{!^'s), ^ strong solution to SDE (|4.4p with coefficient a. 

Moreover we have the following characterization of Vs in terms of the filtrations. 



(8.10) 



Lemma 8.1 Vs = ^ ^Vw ■ "^^^^ = 



Proof. By (18. 8p . a and B are F-'*-" -progressively measurable. Since F is generated by B, 
we conclude that F C F-''-" By completing the filtration we next obtain that f'^" C F"''^" °. 
Moreover, for any a G it is clear that F''*-" C F*^". Thus, F-''-" " = f'^". Now, we invoke 
dSl]) and conclude F^ = f'^ for any P = Pg G P^. 

Conversely, suppose F G Vw be such that F'^"' = f''". Then B = I3{W^) for some 
measurable mapping /? : Q — )• S^°. Set a := (3{B.), we conclude that P = Pg. □ 



The following result shows that the measures P G Vs satisfy MRP and the Blumental 
zero-one law. 

Lemma 8.2 Vs CV f,i[tp and every P G Vs satisfies the Blumenthal zero-one law. 

Proof. Fix P G Vs- We first show that P G Pmrp- Indeed, for any (f'^, P)-local martingale 
M, Lemma O implies that M is a (F^*" ,F)-local martingale. Recall that 1^"^ is a P 

Brownian motion. Hence, we now can use the standard martingale representation theorem. 

p 

Therefore, there exists a unique F^' -progressively measurable process H such that 

t r-t 

\Hs?'ds <oo and Mt = Ak + / HsdW^, t > 0, P-a.s.. 



/o JO 

Since a > 0, dW^ = a^^/^dB. So one can check directly that the process H := d~y^H 
satisfies all the requirements. 
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We next prove the Blumenthal zero-one law. For this purpose fix € -^o+- By Lemma 
gain we recall that W is a P Brownian motion and use the standard 
Blumenthal zero-one law for the Brownian motion. Hence P{E) G {0, 1}. □ 

We now define analogously the following spaces of measures and diffusion processes. 

Vs:=VsnVw, As:={aGAw:r''(^Vs}. (8.11) 

Then it is clear that 

Vs C P^iRP C Vw and As C ^mrp C Aw- 

The conclusion Vs C Vw is strict, see Barlow [1]. We remark that one can easily check that 
the diffusion process a in Examples 14.41 and 14.51 and the generating class iii Examples 
Ol Km and HH are all in As- 

Our final result extends Proposition 14. 1 ll 

Proposition 8.3 Let A be a separable class of diffusion coefficients generated by Aq. If 
Ao C As, then A C As- 

Proof. Let a be given in the form (j4.12p and, by Proposition 14.111 P be the unique weak 

solution to SDE (j4.4p on [0,oo) with coefficient a and initial condition P(i?o = 0) = 1. By 

p 

Lemma [8.11 and its proof, it suffices to show that a is -adapted. Recall (|4.12p . We 
prove by induction on n that 

p 

atl{t<Tn} is J^tATn ~ mcasurable for all t > 0. (8-12) 

Since tq = 0, oq is Jxi-™easurable, and P(-Bo = 0) = 1, (j8.12p holds when n = 0. Assume 
(|8.12p holds true for n. Now we consider n + 1. Note that 

«tl{i<r„+i} = ail{J<r„} + ail{T„<i<T„+i}- 

By the induction assumption it suffices to show that 

p 

otl{t<r„+i} is -Fj;^vtAT„+i - measurable for all t > 0. (8.13) 

Apply Lemma [4.121 we have at = X]m>i (*)-'- -E™ for t < t„+i, where G Aq and 
{Em, m > 1} C J-r„ form a partition of Q. Let P"* denote the unique weak solution to SDE 
(j4.4p on [0, oo) with coefficient am and initial condition P'"(i?o = 0) = 1. Then by Lemma 
15.21 we have, for each m > 1, 

¥{EnEm)=r"'iEnEm), V^gJ-,„+i. (8.14) 
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Morover, by (j4.2p it is clear that 

Wf = Wf", < t < r„+i ,P - a.s. on Em (and P"" - a.s. on Em). (8.15) 



Now since am. ^ Ao C As, we know am(i)l{t<T„+i} is ^t/\Tn+i —measurable. This, together 

pm 

with the fact that Em G implies that a„i(t)l|(<^^^^}l£;„^ is -F^yj^^^^^^ —measurable. 

By (|8.14|) . (|8.15|) and that at = am{t) for t < r^+i on Em, we see that atl{t<T„+i}'^Em is 
p 

•^•^viATn+i —measurable. Since m is arbitrary, we get 



«tl{t<r„+i} = >, aa{t<r„+i}l£;„ 



r7i>l 



is -T^rTviATn+i —measurable. This proves (j8.13p . and hence the proposition. □ 

9 Appendix 

In this Appendix we provide a few more examples concerning weak solutions of (|4.4p and 
complete the remaining technical proofs. 

9.1 Examples 

Example 9.1 (No weak solution) Let oq = 1, and for t > 0, 

at := 1 + 1r, where E := i lim , ^ ^ 7^ 2]-. 

hiO V2^1nln/i-i J 

Then E G Ta,. Assume P is a weak solution to dHH). On E,a = 2, then limMn Bh-Bp ^ 
2, P-almost surely, thus P(^) = 0. On E"", a = 1, then hmhio ^^Mninh.-^ ^ ^' ^-^1™°^* 
surely and thus P(£^'^) = 0. Hence there can not be any weak solutions. □ 

Example 9.2 (Martingale measure without Blumenthal 0-1 law) Let Q' := {1,2} and 
P'q(1) = P'q(2) = i. Let n:=nxn' and Pq the product of Pq and P^. Define 

Bt{LO,l) :=ut, Bt{oj,2) ■.= 2ujf 
Then P := Pq o (^)~^ is in Pv^. Denote 

E:= |lh^I^I^=£^ = l|. 
[ 40 V2^1n In/i-i J 

Then G J"o^, and Po(^) = P^(l) = ^. □ 
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Example 9.3 (Martingale measure without MRP) Let Q. := (C[0, 1])^, {W, W') the canon- 
ical process, and Pq the Wiener measure so that W and W' are independent Brownian 
motions under Pq. Let : M — t- [0, 1] be a measurable function, and 

Bt := / a^dWs where at := [I + ip{Wl)]^ , t > 0, 
Jo 

This induces the following probability measure P on 17 with d = 1, 



oB 



-1 



Then P is a square integrable martingale measure with d{B)t/dt G [1, 2], P-almost surely. 

We claim that B has no MRP under P. Indeed, if B has MRP under P, then so does B 
under Pq. Let ^ := E'^''[Ty{|J^j^]. Since f G Fi and is obviously Po-square integrable, then 
there exists £ 'H'^{Fo,¥^) such that 



I = E^o [f] + [' H^dBt = E^o [i] + C H^atdWt, 
Jo Jo 



:"o - a.s. 



Since W and W' are independent under Pq, we get = E'^o[|W'{] = E'^o[|||2]. Then | = 0, 
(iPp-almost surely, and thus 



E^»[T^{|Si|2] 



E^o[f|^i|2] 



0. (9.1) 
However, it follows from Ito's formula, together with the independence of W and W , that 









[ 2BtatdWt 


+ E^o 


W[ j a^dt 


Jo J 







E^ 



+ ^{Wl))dt\ = E^"{ w;^{Wi)dt], 



and we obtain a contradiction to ()9.ip by observing that the latter expectation is non-zero 
for ip{x) := 1r+(x). □ 

We note that, however, we are not able to find a good example such that a G Aw (so 
that ()4.4p has unique weak solution) but B has no MRP under P" (and consequently ()4.4p 
has no strong solution). 



9.2 Some technical proofs 



Proof of Lemma \2.4\ The uniqueness is obvious. We now prove the existence, 
(i) Assume X is cadlag, P-almost surely. Let Eq := {u : X.{uj) is not cadlag}. For each 
r G Qn (0, oo), there exists Xr G such that Er := {Xr / Xr} G 7V'^(J"oo)- Let 
E := EqU (UrEr). Then ¥{E) = 0. For integers n > 1 A; > 0, set := k/n, and define 



X- := X,.^^ for t G (t^, , and X := ( lim X")l^j^_. x^^el 
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Then for any t € X^" G and X"|[o,t] G i3([0,t]) x Since F+ is right 

continuous, we get Xt G and -'^[[o,*] £ -^([0, i]) x J^^ . That is, X G F+. Moreover, for 
any u ^ E and n > 1, if t G {t^, t]^^i\, we get 

hm X]}{uj) = lim Xtn (w) = hm Xjn (w) = 

So {w : there exists t > such that Xt{uj) ^ Xt{uj)} C E. Then, X is P-indistinguishable 
from X and thus X also has cadlag paths, P-almost surely. 

(ii) Assume X is F -progressively measurable and is bounded. Let Yt := Jq Xgds. Then Y 
is continuous. By (i), there exists F"'"-progressively measurable continuous process Y such 
that Y and Y are P-indistinguishable. Let Eq := {there exists t > such that Yt ^ Yt}, 
then P(-Eo) = and Y.{uj) is continuous for each u ^ Eq. Define, 

Xr.= n[Yt-Y,^^]; ^ := ( x-^eR} n>l. 

As in (i), we see X G F+. Moreover, for each uj ^ Eq, Xp{uj) = n J^_i Xs{uj)ds. Then 

X.{oj) = X (w), (it-almost surely. Therefore, X = X, P-almost surely. 
P 

(iii) For general F -progressively measurable X, let XJ^ := (— m) V {X A m), for any m > 1. 
By (ii), X"^ has an F+-adapted modification X™. Then obviously the following process X 
satisfies all the requirements: X := (limm^oo x^eM}- '-' 

To prove Example 14.51 we need a simple lemma. 

Lemma 9.4 Let r be an W-stopping time and X is an ¥ -progressively measurable process. 
Then t{X.) is also an ¥— stopping time. 

Moreover, ifY is ¥ -progressively measurable and Yt = Xt for all t < t{X.), then t{Y) = 
r(X). 

Proof. Since r is an F-stopping time, we have {t{X.) < t} G J-^ for all t > 0. Moreover, 
since X is F-progressively measurable, we know C J-^ . Then {t{X.) < t} G J-^ and 
thus t{X.) is an F— stopping time. 

Now assume Yt = Xt for all t < t{X.). For any t > 0, on {t{X.) = t}, we have = Xg 
for ah s<t. Since {t(X) = t} e and by definition = a{Xs, s < t}, then t{Y.) = t 
on the event {r(X) = t}. Therefore, t{Y.) = t(X.). □ 

Proof of Example \4.5\ Without loss of generality we prove only that (j4.4p on with Xq = 
has a unique strong solution. In this case the stochastic differential equation becomes 

oo 

dXt = ^ a„(X.)l[^„(x),r„+i(X))rf-Bt, t>0, Pq - a.s.. 

n=0 
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We prove the result by induction on n. Let X° be the solution to SDE: 

= [ al^^{X°)dBs, t>0 ,Po - almost surely 
Jo 

Note that is a constant, thus = Oq Bt and is unique. Denote tq := and fi := ti(X.' 
By Lemma 19.41 fi is an F— stopping time. Now let := for t < fi, and 



X} = Xl + r ay\x')dBs, t>n, Po 
J fi 



a.s. 



Note that ai G Jv-^, that is, for any ?/ G R and t > 0, {ai{B.) < y,Ti{B.) < t} £ Tt- Thus, 
for any x,x G C(M+,M'^), if = Xs,0 < s < t, then ai(x)l|^^(x)<t} = «i(x)l{ri(x)<t}- 
particular, noting that ti{X}) = ti{X^) = fi, for each oj by choosing t = f we obtain that 
ai(X.i) = ai(X°). Thus X} = X? + ai{X^)[Bt - Bf^], t > n, and is unique. Now repeat 
the procedure for n = 1,2,--- we obtain the unique strong solution X in [0,foo), where 
Too := liTan^ooTn{X.). Since a is bounded, it is obvious that X^^ := lim(-|-f^ Xt exists Pq- 
almost surely. Then, by setting Xt := Xf^ for t £ (foo,oo) we complete the construction. 

□ 



Proof of Lemma \4.12 . Let a be given as in ()4.12|) and r G T be fixed. First, since « > 1} 



is a partition of $7, then for any n > 0, 

j)o<j<n G N"+^| also form a partition of 

Next, assume r„ takes values (possibly including the value oo). A; > 1. Then {{r„ = 
ifc}) k > 1} form a partition of 0,. Similarly we have, for any n > 0, 

|n"j;Q{T,- = 4^}, {kj)o<j<n+i G N"+^| form a partition of 0. 

These in turn form another partition of given by. 

Denote by I the family of all finite sequence of indexes / := {ij, A;j)o<j<n for some n such 
that = t^^ < • • • < t^^^ < oo. Then X is countable. For each I £ Z, denote by |/| the 
corresponding n, and define 



Ej := (nl'io n {r,- = < r}] ) f] ({t|,|+i > r} U {r|,|+i = r = oo}) 



^ •= and 07 := X] 4 ,ii+M + ""Si ^fi''' 

/ex i=o 



It is clear that Ej is Jv— measurable. Then, in view of the concatenation property of Aq, 
aj G ^0- In light of (|9.2|) . we see that {Ej,I G 1} are disjoint. Moreover, since = oo for 
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n large enough, we know {Ej, / G X} form a partition of 17. Then f is an F— stopping time 
and either f>rorf = T = oo. We now show that 

at = ^ai{t)lEi for ah t < f. (9.3) 

lex 

In fact, for each / = (^j>^j)o<j<n G X, oj G Ej, and t < f{oj), we have Tj{u}) = t-^, < t{ijj) 
for j < n and r„_|_i(u;) = f{tj) > t. Let jo = JoC^i w) < n be such that Tj^{uj) < t < Tjg+i{uj). 
Then = ^ ^""^ lhM.^j+i(^))(*) = ^ ^ -^O' ^^'^ ^^^^ 

oo oo oo 
j=0 i=l ' 1=1 

where the last equality is due to the fact that uj £ Ej C E^-° and that iE^-°,i > 1) is a 
partition of 0. On the other hand, by the definition of a/, it is also straightforward to check 
that aj{t,uj) = al° {t,uj). This proves (|9.3p . Now since I is countable, by numerating the 
elements of I we prove the lemma. 

Finally, we should point out that, if r = r^, then we can choose f = Tn+i- □ 
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